
MATH327: StatMech and Thermo, Spring 2026

Extra practice — Particle number fluctuations

Consider the fugacity expansion of the grand-canonical partition function (Eq. 82
in the lecture notes):

Zg(T, µ) =
∞∑

N=0

ξN ZN(T ).

Here ξ = eβµ = eµ/T is the fugacity and ZN(T ) is the N -particle canonical partition
function, which is independent of ξ. Recall that Φ(T, µ) = −T logZg(T, µ) is the corre-
sponding grand-canonical potential.

(a) Derive a relation between the average particle number ⟨N⟩ and the derivative
∂

∂ log ξ
Φ.

(b) Derive a relation between
〈
(N − ⟨N⟩)2

〉
and

(
∂

∂ log ξ

)2

Φ.

(c) Specialize to the case of Maxwell–Boltzmann statistics, for which the fugacity ex-
pansion simplifies to ZMB

g (T, µ) = exp[ξZ1(T )], where Z1 is the single-particle
partition function. Use the relations you have derived to determine ⟨N⟩ and〈
(N − ⟨N⟩)2

〉
for this case, and compute√〈

(N − ⟨N⟩)2
〉

⟨N⟩
.

It may be useful to note
∂

∂ log ξ
= ξ

∂

∂ξ
.

The final result should indicate that the relative fluctuations in the particle number
become negligible for sufficiently large ⟨N⟩. In other words, when ⟨N⟩ is large it can
be treated as approximately constant, making the canonical and grand-canonical en-
sembles effectively equivalent. This is a general result, and not specific to the case of
Maxwell–Boltzmann statistics.
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