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MATH327: StatMech and Thermo, Spring 2026
Tutorial — Lattices

This case study will be introduced in our 29 April tutorial, and you’ll have until our
final tutorial on 6 May to work on it. Here we explore lattice structures different from
the simple d-dimensional cubic lattices with periodic boundary conditions that we will
focus on in lectures on the Ising model. These different lattice structures play important
roles in both nature and mathematics. Some of the remarkable electronic properties
of graphene, for example, are due to its two-dimensional honeycomb lattice structure,
while more elaborate three-dimensional lattices are essential in the search for materials
exhibiting high-temperature superconductivity.

The figures below show three simple two-dimensional lattices, each of which has
a different coordination number C. In all cases we can impose periodic boundary con-
ditions for simplicity. The square lattice has C = 2d = 4, and generalizes to simple
cubic and hyper-cubic lattices in higher dimensions.

The honeycomb lattice of graphene has a smaller C = d+ 1 = 3, and generalizes
to ‘hyper-diamond’ lattices in higher dimensions. Finally, the triangular lattice effectively
fills in the middle of each honeycomb cell, leading to coordination number C' = 2(d +
1) = 6. lts higher-dimensional generalizations are known as A} lattices, of which the
simplest example is the three-dimensional body-centered cubic lattice shown below.
Also shown below is the 2d ‘kagome’ lattice, which has the same C = 4 as the square
lattice, illustrating that the coordination number may not be sufficient to completely
characterize a lattice.
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