MATH327: StatMech and Thermo, Spring 2025
Tutorial exercises — Mixing entropy

These exercises will be introduced in our 6 March tutorial, and you’ll have the
week until our next tutorial on 13 March to work on them. They delve deeper into the
particle mixing thought experiment we used to introduce the mixing entropy earlier this
week, in which we obtain three systems {Q, ¢, 2z} by removing and re-inserting a
wall. We want to ensure that the entropy obeys the second law, Sy, < S¢ < Sp.

To simplify things, consider the special case illustrated by the figure below. Here
all 2N particles have indistinguishable physical properties, except that those initially in
the left compartment (the “reds”) are distinguishable from those in right compartment
(the “blues”) by their colour. After mixing and re-separation, red and blue particles can
appear on either side of the wall in the final system Q.
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The first task is to check Sy < S¢, or equivalently ASnix > 0. Since the combined

system Q¢ has two (distinguishable) sets of N (indistinguishable) particles in volume
2V, its partition function is
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where Z; = 2V/)\}, is the single-particle partition function. It may be useful to use
properties of logarithms to translate entropy differences to partition function ratios.

The second task is to check S < Sr by computing the final entropy Sg. First,
compute the partition function Zr of the two re-separated systems, by summing over
all ways of dividing the red and blue particles between them. We can continue to use
the Gibbs approximation that both systems end up with NV >> 1 particles. This special
case of the Zhu—Vandermonde identity for the binomial sum may be useful:
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Finally, use Zr to determine Sr. If you apply Stirling’s formula, you may find it interest-
ing to repeat your work with and without the log (\/2wN> terms.

MATH327 Tutorial (Mixing) 1 Last modified 5 Mar. 2025


https://en.wikipedia.org/wiki/Zhu_Shijie
https://en.wikipedia.org/wiki/Alexandre-Theophile_Vandermonde
https://en.wikipedia.org/wiki/Vandermonde's_identity
https://mathworld.wolfram.com/BinomialSums.html

