
MATH327: Statistical Physics, Spring 2022

Homework assignment 1

Instructions

Complete all four questions below and submit your solutions by file upload
on Canvas.1 Clear and neat presentations of your workings and the logic behind
them will contribute to your mark. This assignment is due by 23:59 on Thursday,
3 March, and anonymous marking is turned on.

Question 1: Drift and diffusion

There has been an oil spill 1 km away from a marine protected area (MPA).
1000 tonnes of oil are in the water. You have been called on to estimate how
much time is available for the government to take action to protect the MPA. The
motion of each oil droplet can be modeled as a one-dimensional random walk
towards (or away from) the MPA, with diffusion constant D = 2 m/

√
min. If the oil

has a drift velocity vdr = 1 m/min towards the MPA, how long do we have before
10 tonnes of oil is inside the MPA? How much additional time will it take for the
amount of oil inside the MPA to double to a total of 20 tonnes?

[8 marks]

If the oil were washing up on a shore instead of entering an MPA, the math-
ematics would be significantly more complicated, because each droplet’s random
walk would stop once it reached the shore and left the water. This is known as
a first-passage process. Without attempting this more complicated calculation,
explain whether it will take more time, less time or the same amount time for 10
tonnes of the spilled oil to wash up on shore, compared to the MPA case consid-
ered above, with everything else the same.

[2 marks]

Hint: SciPy is one tool you can use to invert the error function

erf(u) =
1√
π

∫ u

−u
e−x

2

dx ≡ P

and find the u ≥ 0 corresponding to a given 0 ≤ P < 1. There is example code
and output on the next page. . .

1By submitting solutions to this assessment you affirm that you have read and understood
the Academic Integrity Policy detailed in Appendix L of the Code of Practice on Assessment and
have successfully passed the Academic Integrity Tutorial and Quiz. The marks achieved on this
assessment remain provisional until they are ratified by the Board of Examiners in June 2022.
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https://liverpool.instructure.com/courses/47333/assignments/178542
https://en.wikipedia.org/wiki/Marine_protected_area
https://scipy.org
https://www.liverpool.ac.uk/media/livacuk/tqsd/code-of-practice-on-assessment/appendix_L_cop_assess.pdf


>>> import math
>>> from scipy import special
>>>
>>> sigmas = [0.682689492, 0.954499736, 0.997300204, \
... 0.999936656, 0.999999427]
>>> for P in sigmas:
... u = special.erfinv(P)
... n = round(u * math.sqrt(2.0))
... print("u = %.4f for P=%.7f (%d sigma)" % (u, P, n))

u = 0.7071 for P=0.6826895 (1 sigma)
u = 1.4142 for P=0.9544997 (2 sigma)
u = 2.1213 for P=0.9973002 (3 sigma)
u = 2.8284 for P=0.9999367 (4 sigma)
u = 3.5356 for P=0.9999994 (5 sigma)

Question 2: Negative temperature

Consider a system ofN distinguishable particles in which the energy of each
particle can assume only two distinct values, 0 and ε. Denote by n0 the number
of particles that have energy 0, and by n1 = N − n0 the number of particles have
energy ε. Assume both n0 � 1 and n1 � 1.

Suppose the system is isolated and governed by the micro-canonical en-
semble with conserved total energy E. Approximating log(n!) ≈ n log n− n, what
is the entropy of the system in terms of N , E and ε?

[4 marks]

What is the temperature T of the system in terms of N , E and ε? Show that
T can be negative.

[4 marks]

What happens when a system of negative temperature is brought into ther-
mal contact with a system of positive temperature?

[4 marks]
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Question 3: Heat capacity

Starting from the average internal energy for the canonical ensemble,

〈E〉 = 1

Z

M∑
i=1

Ei e
−βEi ,

derive a relation between the heat capacity

cv =
∂

∂T
〈E〉

and the quantity
〈
(E − 〈E〉)2

〉
.

[4 marks]

If the heat capacity vanishes at finite temperature, what can we conclude
about the micro-state energies Ei?

[2 marks]

Derive a relation between cv, ∂
∂T
cv and the quantity

〈
(E − 〈E〉)3

〉
.
[6 marks]

Question 4: Indistinguishable spins

The Helmholtz free energy for N � 1 indistinguishable spins is

FI(β) = −NH −
log
[
1− e−2(N+1)βH

]
β

+
log
[
1− e−2βH

]
β

.

What are the corresponding internal energy 〈E〉I and entropy SI?
[4 marks]

What are the two leading terms in each low-temperature (e−2βH � 1) ex-
pansion of 〈E〉I and SI?

[6 marks]

What is the leading term in the high-temperature (βH � 1) expansion of
〈E〉I? What are the two leading terms in the high-temperature expansion of SI?

[6 marks]
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