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Spectrum of the night sky (not from the stars): The Cosmic Microwave
Background temperature fluctuations from the 7-year Wilkinson Microwave
Anisotropy Probe data seen over the full sky.
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8.2 Quantum gas of fermions SM( 9;«1{4/ ~Cavomica

Let us consider a non-relativistic gas of fermions. We again adopt the exper-
imental setup of a heatbath (temperature T') and particle reservoir (chemical

e ' Il v /mfwc?(m}
We already worked out the energy spectrum in section 5.1: 4 ff !
p2fmﬂm Y _ Vion-he)a /vc3 % e?cv!
E = — = D — h —m %) ‘ .
() om’ p=|p, P 7 m, m e N

e rlw’fo[e MaSs
We already calculated the statistics for systems of fremions (see (80)) and
were able to reduce it to sum over the energy spectrum. We thus obtain:

~0 P I
— T InZiemi = E In |1 p| ——— — .
nZzy 2 n|l+ exp o T + T

z 2
We assume sufficiently large volumes so that we can replace: (*?5 ¥ [f)
oo oo
1 1 / o
— — — — dm .
”22:0 2 m:z—:oo 2 -

We finally observe:

Vv & E(p) —
I0. iy = W/o dp p* In [1 + exp (— #)] . (85)
A new quantum phenomenon comes to light if we study the particle number:
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Let us study the so-called Fermi'3 function
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For large temperatures, we enter the classical regime, and we have done the
calculation in section 5.1. Let us focus on the cold regime, where we can

W\

x| =

approximate the Fermi function by a step function: \ quaw Um N,-/[
Zwmr
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" ~ 10 else ' : 4 f n ¢ P ()
©

It means that we can cut integrals such as (86) when E(p) reaches p. It is
therefore convenient to switch from the momentum variable p to the energy
variable F by substitution:

E:l’_, p=vV2mkE, dp = TdE.

B

This, we find from (86):

_ __V__ e R 2 V m3/? nr‘Vm P
LW L ¥ 5t = M) = s / dE\/_ s (87)

BEnrico Fermi 1901 — 1954), was an Italian-American physicist and the creator of the
world’s first nuclear reactor, the Chicago Pile-1.
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his is the desired relation between particle number and chemical potential.

This relation does not depend on the temperature T because we are basically Te(
looking at the leading order of the low temperatuer expansion. Higher orders r

in the temperature can be systematically taken into account. This can be

found in the literature under the name Sommerfeld* expansz’on L
Along the same lines, we can calculate the internal energy: h c b E 1 " Ji
@ L
\% o E V m®/? = [V
(B) = —2—3/ dp p® 2 = / dE Er&x@ Vs Z Wy N,
2m2h3 J, exp (E(P)—#) +1 AE_‘?T I} 0 ¥l

S’fgf ¥uno-
V m3/? f/\)dE\/—E fﬁvzz po? = SM(N). (88)
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We make a very important observation:

Key observation: although the temperature vanishes, the thermal energy
(E) is different from zero. ( Po,‘»} Nesj

INTERPRETATION:
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14 Arnold Johannes Wilhelm Sommerfeld, 1868 — 1951, was a German theoretical physi-
cist who pioneered developments in atomic and quantum physics.
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A surprise is waiting for us if we look at the pressure (52):

i = _o(E) _ (89) SI\{)( Pﬁr*.'c(e ¥

ov
The derivative has to be taken at constant entropy S, and we need to handle
S first:
) = = gl )
S — a—T'(hlZfermi) g = — ( T l Z?
7T T

Let us consider the function

In [1 + exp (— E—;ﬁ> ]

for small temperatures 7":
INTERPRETATION:
/,\)( oaur/(ﬂj W77 /(w(s L}W{ e

E=/ oo - n-E
g@ l 7/ / L

rl
,h[\+ exyp (&.‘;f:ﬂ x !14 [QXY) (‘_MT; ﬂ - 7
m«??\{ /
A P

Hence, we find for (85): é

V m3/2 = (';MSJ['

anfermi = 2h3 dE \/_ @7 /r \Vl 2-;6)/“’\‘( fr
0

This implies that, whatever E(p) is that T' In Zepy,; is independent of 7" and,
thus, the entropy vanishes.
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We can make p the subject of the equation (87) and insert this intg the

equation (88) for the thermal energy. - ¢ N\ _ ANz \ MB/ v o3, C \/ 7/
—_— =
)
9 2 7
(B) = ¢ (N3 Wy 3t 4 ~t/3
m ((,V <A/7
We now can use equation (89) to calculate the pressure (Note that (N) is \\—\
treated as a constant, and the entropy S is also constant, namely zero):
'3
2o B oo Ny
— 7 = p= — p°° pi=y (density) .
P 5;’\/ m T _
The intersting observation is that the pressure does not vanish at zero tem- P>0 | =0

perature. It is a pure quantum effect that keeps up the pressure.

At high temperature, we recover the ideal (classical) gas with the equation
of state:

pV = (N)T, p=pT.
We thus have qualitatively the following function p(7"):
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This explains a cosmic phenomenon - the supernova explosion of stars:
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9 Phase transitions

Phase transitions are a spectacular phenomenon in statistical physics. They
describe e.g. the phenomenal transition from a liquid to a solid at freezing
point, but also more elusive phenomena such as the transition form a quark
gluon plasma to protons and neutrons in the Early Universe roughly one
millionth of a second after the Big Bang. What does it take to describe such
a drastic change in the properties of matter?

A second question, which we going to study, is: what is actually the funda-
mental difference between matter in either phase? For example, what is the
difference between ice and water? After all, both substances are made out
of the same constituents namely H,O molecules.

9.1 Interacting theories

Key ingredient, and in many cases a sufficient ingredient, is some (e.g. short
range) interaction between the degrees of freedom of our statistical ensemble.
We will address both questions above by means of the now familiar spin
model: degrees of freedom are the spins s; € {—1,+1}, where ¢ labels the
postion of the spin in e.g. a spin chain or’a lattice:
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Once we know the energy F of the spin system, we can start to do statistics
and e.g. expose the system of spins to a heatbath with temperature 7'. We
have previously studied spins interacting with an external magnetic field H:

EFE =H Zsi (non—int;eracting). g(,(h,. oWy %} ;CJ

o et

What qualifies this spin system as non-interacting?

Defintion: AF; is the change of the total energy F of a statistical system if
only the state of the ith degree of freedom is changed. If AF; is independent
of all degrees of freedom k # i, the statistical system is called non-interacting.

Let us check whether the above spin model satisfies this condition:

Eug ™ H 250 = 200 5)
Eaﬂlw - H( kAc ok —55>

AEK = E"me /E\,d:of(’: "lf’(5L

The above property has far reaching mathematical consequences, namely the
possibility to calculate the partition function in closed form (see also (32)):
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How strenuous would be the calculation if we would not have the factorisation
property? In the case of N spins, we need to do the sum

SR D o
{si} s1==+1 en==%1

This sum has 2V terms. This calculation gets quickly out of hands:

—

2100 ~ 1.26 x 10% 210000 ~ 200 x 1031

The later sum is even out of reach of modern supercomputers.

Before we make the above spin system interacting, we introduce the lattice
and related objects: site, link, plaquette, and cube.
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