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7.1 Recap L

We already encountered diffusion in section 2.4. It is widespread phenomenon
and describes chemical spill as well as the tracking of a pedestrian. Its

deb sl
underlying assumptions are:

General conditions for Diffusion:

e If x, is the position of the walker at time t,, the position z,,; only
depends on z,.

e The displacement 2 := 2,11 — 2, is described by a stochastic process )( z 7 X
with probability distribution p(z). v

L
= o =

We usually work with equally distributed time steps ¢, = Atn. All " R l

Key observation for (normal) diffusion:
e The standard deviation for the 1-step process
o = @ -~ @F il
e S x" f(r) Ix
e For a large number of steps N, the probability distribution P(zy) is
Gaussian: \,h_ hf( ,WQ(L lwz Ha

et IS E (T b, isl buty
P(ILN) = \/T—_D} exp{— 2@ } ; f ‘Sf l(,‘lﬁ"l

where the drift velocity vg, and the diffusion constant D are given by:

Ui = \a0)) s Deg /5 A}

exists and is finite.

e The difusion length is
¢ = \Jlad) — (an)? = DA (75)

This is the famous law of diffusion.
M
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COMPUTER PROJECT PART A

Student ID: Marks: (of 50)

Instructions: Complete the three exercises below. Scan this sheet and your
workings, and submit along with your code on VITAL. While the guidance
below specifies some relevant MATLAB commands, you may use a different
programming option if you prefer. This sheet contributes 4% to your overall
mark for this module.

Due date: 3 April 2020, 17:00.
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Exercise 1: Random numbers are Ay fr\‘fxwm«fa '/ — ,‘lff J

Initialise the random number generator. In MATLAB, this can be done using
the command rng(314156). Generate a sequence of n uniformly distributed
random numbers u; € [0,1] with i = 1,--- ,n using the MATLAB command F[“) = )

rand.

Complete the table below by estimating the average and the standard devi-
ation o as
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n 10 20 100 200 1000 100,000

[8 marks]

Calculate the exact average and standard deviation:

(u) = o=

[4 marks]

Exercise 2: Histogram
Initialise the random number generator, in MATLAB using rng(314156).

If u € [0, 1] is a uniformly distributed random number (see Exercise 1), define
the random number z by

F (o)

z = asin (2u — 1), x€[-7n/2,7/2],
where asin is MATLAB’s arcsine command.

Generate an array X of 100,000 random numbers x. Plot the histogram of
these random numbers using the MATLAB command histogram.
[10 marks]

Starting with the relation p(u) du = p(z) dz, calculate the probability dis-
tribution p(z) of the random number 2.

p(z) =

Use this to calculate the exact average and standard deviation:

() = , o=

Does your histogram match these results?
[8 marks]
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Exercise 3: Random walk
linitialise the random number generator, in MATLAB using rng(314156).
CORE PROCESS: Start with 25 = 0. For a given N, perform the iteration

Tp = Tp—1 + 2, kzl,"',N,
where 2 in each step is a random number with (see Exercise 2)
1
plx) = 5003(9;), z € [—n/2,7/2].

(a) Using the Core Process, generate a sequence of n random numbers (z);
with 4 = 1,--- ,n. If we consider each (zy); to be the result of random wallk
1, this will give us n N-step random walks to analyse.

Estimate the standard deviation ¢5(N) of this N-step process as

n

i 1/2
l(N) ~ [; Z(CLN)?} -

=1

Complete the table for N = 100:

n 10 20 100 200 1000 | 100,000
£5(100)

Calculate £3(N) using the central limit theorem. What do you get for N =
1007

&(N) = ) (»(100) =

[10 marks]

(b) Now choose n = 100,000. Estimate o(N) for N = 1,---,500. Plot
l5(N) as a function of N. Fit the result to

l(N) = DVN .

What is your estimate for the diffusion constant D? Calculate the exact
diffusion constant Deyac; and compare:

D= Dexact ==

)

[10 marks]
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