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We finally obtain the sometimes called Bose Statzstzcs

:_:/} = Qib = —EM:/ln [1 - ekp( E;“)] . (79)

As in the classical physics case, we arrive at a sum over all energy levels, but
now with different terms (compare with (78)).

I

n

Let us consider the case of high temperatures 7' > FE;, for which we can
assume

E; — - 2 .

= =2 5 ﬂmrexp (—— 'u> < 1. — M >>T>> EL
M — -2 T

We then can use the leading odder of the expansion:

—In(1—2) = 2 + 0(a?),

and find: y
//r"" ose : T
=1

We make the important observation that we recover the classical physics
result at high temperatures. It depends, of course, on the energy spectrum
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Addendum: The high-temperature limit of the Bose gas

The high-temperature limit of the Bose gas is a bit subtle. To reveal this,
let’s compute the average particle number from the corresponding grand-
canonical potential

L
Qbose =—TIn Zbose = TZ]H [1 — €Xp (_IBEE =t 5#))] )

=1
labelling the energy levels £, with £ = 1,--- | L to reduce possible confusion

with the micro-states ¢ = 1,---, M. We have

<N>=—g—;2: _-’/ g/ 3% thl ~ exp (—}BEJZ fﬁ/,{)]
- ‘5>q‘€><f (“ﬁél_iﬁ,u)
< |~ exy {’ft&ﬂf’h)
L
s = 74y
124’ @((’kﬁ(’:l")%ﬂ\', d=/

We can organize this as (N) = Zngl (ng), defining the average occupation
number for each energy level as

"

/|

(ne) = S (BB — By =1

When considering the high-temperature limit 8 — 0 (so that T — o0), we
need to keep in mind the grand-canonical constraint on the total number of
particles in the system and its surroundings, from Eq. (65):

Niot = N {(N) = NN, is conserved,
where (N) = N, is the average number of particles in the “small” system,

and the surroundings are made up of a fixed number (N, — 1) of replicas of
RlE ) S LEP
that small system.
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If we naively take 8 — 0, we have

exp (BB, — Bu) =1 and (ng) = exp (/J\@ 1*@9 —17%

9
for all ¢! The number of particles in every energy level (n,) is diverging, and
so therefore is the total (N) = 35, (n).

The cure required in order for the Bose gas to satisfy the grand-canonical
constraint is to send p — —oco as T — co. While a constant ratio p/T" would
suffice to keep each individual (n,) from diverging at high temperatures,
because the constraint is on the sum (N) it turns out that we really need
—p > T > E; to satisfy the constraint. (We will not prove this here.) In
this limit, (Fp — p)/T > 1 and

T )

which gets us back to page 121.
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Addendum: The classical grand-canonical Zjassical

In the corrected Eq. (78) on page 118, we had the generic grand-canonical
partition function

M
Zy =Y exp{-PEi+ puli},

i=1

where the sum is over micro-states 7 with energy E; and particle number
N;.

As we did for the quantum Bose gas, let’s rearrange this expression in terms
of the occupation numbers n, for the energy levels Eg with £ = 1,--- , L.
With these definitions, F; = Ze L Eeng and N; = Ze 1 e

g——

The expression for Z, above implicitly makes the assumption that the par-
ticles are distinguishable. While we are interested in the case of indistin-
guishable particles, in classical physics it is possible to distinguish particles
with different energies. Only the n, particles with the same energy level are
indistinguishable among themselves, which brings in factors of n,! to produce

o) oo L L
class1ca1 Z Z "'LeXp{—ﬁZEgng-f—/jMZNg} s
1=0 =0 =1 =1

We can evaluate this much like we did for the quantum Bose gas:

\

Za~ &Of,,"l exp K‘ﬁ’;i *ﬂﬂ)w')‘(*""(g oy €><,o(

,1/’0 WL,
e “
L
=T = " X = er(‘ﬁfﬂ ﬁﬂ)
7,
Lz
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We obtain the result

L
chassical -1
- = 1n chassical § €xXp
T ey

matching the high-temperature limit of the Bose gas on page 121.

We can again compute the average particle number

We again obtain (N) = Y1, (n), but now with the classical average occu-
pation number

<”ed)> = exp (—BE; + Bu) .
Recalling the expression for the quantum Bose gas,

(n?) = exp (/J’Ezl— Bu)—1’

we see that classical physics is recovered in the high-temperature limit where
B(E, — 1) > 1 makes the exponential factor much greater than 1.
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