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Addendum page 10: Roulette — European Tables

The standard European table has 18
black, 18 red and one green pocket

(numbered 0) making 37 pockets in
all.

08— T ! 1 * T
— n=1
r - Ezg i U< ?[Oh"/)n_[
— n=10 ~f
0.6 — — Gauss, n=10| ]| / dcs‘vké&,[f&(/
_ i | %0&") A *‘U—A—vy\,&&f
>
Sroar e Log ]
02 ]
0L— '



RECAP end


Kurt Langfeld
RECAP end


Lg&é‘”( Coutitiues ,,

g&"[eWS( )(s&
RRRRL, RQ}QLR[
RRLRR, RURRR, | KRRR

e ened PLrQl

If P(z) is the probability that we find ourselves at z, we here find:

Ply) = 5 p'g’ G skeps
Ucleps: e, & 2 "Rt

- () P97 et

For the general case of N steps and k steps to the right, we need to distribute
k steps R to N slots (and fill the remaining places with Ls). There are

(%) = mor-m

possibilities to do so. Hence, the probability for k steps to the right (no
matter in which order) is:

N\ . w
pk=<k)p’”qN’“-
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We now can afiswer the above question for average position and variance:

N

(@) = Y (2k—N)py, = ) (2k— N)? (4)

k=0 k=0

Apparently, we need to calculate sums fo the type:

N
Z K" py, .
k=0

There is an excellent trick in stochastics to do this. We define the generating
function

N
Y — ZQOkpk- (5)
k=0
We easily check (do it!) that
m ETE) N~
T - L ©

Fortunately, we can calculate the closed form of T'(6) for our example here:

o) = got (V) JE 4
78 x«)ﬁﬁ/\/

and finally obtain:



Y=
<4’

We thus obtain:

N
4 o i dT(G) - . 9(. 6 N-1 o ; N=1 _
2B — Sy — VEEETT T —ameEY -
N
d*T(0)
. o . o 2 92
k_ol"p’“ = im g — R -

We hence obtain

@) = (1bh-N> =2 RS~ = 2Np- N = M (2p-

(%) —(z)? = <(2/Z~N)’L > - Ni(/zjo"()

\

2 v 2 2
= LU~ Gubr s — N 2ra)

1 o

In summary, we find~ [
€
(z) % N(@2p-1), (*) — (z)®> = 4Npgq. (7)

avs
We can interpret these finding by using time ¢ (3) instead of time. We firstly
find that the average changes linearly with time:

<£l?> = U4r t, Var = (2])— 1)/At,

where g, is called the drift velocity. If we quantify the uncertainty in the
position Az by the standard deviation, i.e.,

8z = [(a® - @],

and if we assume that the drift velocity is not vanishing, we find:
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We observe that the uncertainty over the drift vanishes for large time.

Note that for p = 1/2, the drift vanishes. This is intuitively clear since we
step left and right with the same probability 1/2. It is then most likely to find
the person (who steps) at the origin (the probability peaks there). However,
in this case, the standard deviation Az then quantifies the distance in which
we can expect the person to find with some measure of probability. How
does the standard deviation depend on time?

T
j
)

In summary, we find the well know law of diffusion:

b 2 D = \/4pg/At, (8)

where Az is sometime called the diffusion length, and D is the so-called
diffusion constant.

For a large number N of steps (or for large times t), we can invoke the
Central limit theorem. The elementary process is a step to the right with
probability p and to the left with g. Let us say we find ourselves at postion
Xi. We repeat this experiment N times and get displacements X, ... Xy.

20



We are interested where we are after N-steps. Hence, we are interested in
the random variable X of the total position after N steps:

X =X1+Xo+...+ Xy,

and the corresponding probability distribution p(z) of this variable. All what
we need to do (see subsection 2.3) is to calculate the mean p and the standard
deviation o of the elementary process:

po= (}zB i PQ 1. @L - ()‘_[? = U | ?;{[(/QK

- £ o amoege 4| g
(;zl);(xf = |- (‘Zp-—('){z

= A — L(PL_@ Y *-/{ ;L(P((’F); QPOZ\

We the obtain from the CLT: , N
& :

p(z) = = eXp{~ —
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Something remarkable has happened here: as long as for the elementary
process is such that mean p and the standard deviation o exists (no matter
what the probability distribution is for the elementary step), we will always
end up with distribution p(z) in (9) for sufficiently large times. This also
means that as long as the conditions for the CLT are fulfilled, the relation
between diffusion length and time, i.e.,

Az o 72

is universal. Below we will go to great length to find a different exponent
than 1/2 and will discover what it takes to observe anomalous diffusion.
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Discussions:
low drift velocity (p=0.6, q=0.4)

0,5 T | T | T

0.3} — =8 -
— t=10

pXx)
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Discussions:
high drift velocity (p=0.99, q=0.01)

2 I , T | T

15 — =5 7

p(x)
T
|

0
X
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Discussions:

04—

no drift velocity (p=0.5 q=0.5)
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